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An exact theory of averaged static bin pressures that takes into account 
the general variations of the pressure ratio, the bulk density, the grain-wall 
friction coefficient, the cross-sectional area, and the perimeter of the bin, 
with respect to the depth of the stored grain in a bin is presented. 
Exact solutions are then presented for the general differential 
inequalities involved. It is shown that the essential features of Janssen’s 
classical results are retained. However, it is shown that smaller bounds 
than his lower bounds on bin pressures are quite possible contrary to the 
presently accepted notion of bin pressures. For a particular case an 
estimate on an improved lower bound on the overburden pressure is 
obtained and is shown to be more than 10% lower than that predicted by 
Janssen’s formula. 
Introduction 
Although the analytical work on the theory of bin loads and 
pressures appears to have been initiated almost a hundred 
years ago by Roberts, ‘,* no exact solutions of static bin 
pressures have been developed thus far, that could take into 
account general variations with depth of various important 
parameters involved. These parameters are the pressure 
ratio K, the bulk density p, the friction factor between the 
bin wall and the stored grams p, the bin cross-sectional 
area A, and the bin perimeter L. 
Recently Cowin has presented a theory that partially 
circumvents this difficulty by assuming fairly arbitrary 
variations of K and p with respect to the local vertical 
pressure Vin a bin. However, his analysis is still restricted, 
in that, it imposes linear functional bounds on K(V) and 
p(V) in order to reach a Ricatti differential inequality 
which he can then solve exactly with further simplifying 
assumptions. As will be shown in this paper, one is still able 
to find exact solutions to the static pressures in bins with 
no restrictions on the general variation with depth of K, p, 
p, A, and L. The exact solutions obtained here retain the 
essential features of Janssen’s4 results on the lower bounds 
of bin pressures. 
It must be mentioned here that the history of develop- 
ment of bin pressure formulae has recently been extensively 
discussed by Cowin,’ and Sundaram and Cowin. It is clear 
that many important contributions have been made to this 
research area.‘- However, it appear that dynamic bin 
pressure theory is still an open research field. 
Derivation of governing differential inequalities 
Our derivation of the governing differential inequalities 
parallels that of Cowin’ except for arbitrary variations of K, 
p, p,A, and L that have to be taken into the averaging 
procedure. Thus, it may be shown that the following equa- 
tions averaged over the bin cross-section A(z) and the bin 
perimeter L(z) are obtained : 
Lo p + dFxz _ o 
A(z) x dz 
L(z) dTyz 
-t+=o 
A(z) 
(3) 
where : 
(tx, ty> tz> ds (4) 
C(z) 
A (z) (5) 
Here tx, ty, and t, are the components of the stress vector 
acting on the lateral surface of the granular mass and are 
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given by : 
(h, ty, tZ> = Vxx, TX,,, TX,) n, 
+ Vxy> Tyv3 T,,> ny (6) 
where TX., TX,,, Txz, Tyv, Tyz, T,, are the components 
of the stress tensor and n,, ny are, respectively, the com- 
ponents of the unit normal to the perimeter of the bin. 
The normal stress acting on the lateral boundary is denoted 
by T,,, such that: 
T nn = t,n, t t,n, = T,,nz + T,,,nf,+ 2n,nyTxY (7) 
T,hn = -!- 
L(z) s 
Tm ds 
C(z) 
The bulk density p of the granular mass is assumed to be 
generally a function of x, y, z where x, y, z refer to a futed 
Cartesian coordinate system with z axis taken positive in 
the direction of gravity. 
Following Cowin’s’ line of thought we assert that when 
the frictional forces at the inner wall of the bin are mobilized 
by the granular mass then at best: 
-t;<-pT,*, (8) 
otherwise t,* = 0 if frictional forces are not mobilized. Note 
that in such cases there exists a general pressure ratio K(z) 
that relates the lateral average normal stress at the inner 
wall, i.e., -T& to the average overburden pressure - T,,. 
Thus : 
T,Z, = K(z) %z> (9) 
From inequality (8) and equation (9) we obtain: 
-Gz) G - p(z) K(z) T,,(z) (JO) 
From equation (3) and inequality (10) we obtain the 
following differential inequality governing the lower bound 
on FZ, : 
dT 2 + l.l(z)L(z)K(z) - _ 
dz A(z) 
T,, + P(Z) g G 0 (11) 
This differential inequality should be supplemented with 
the following boundary condition: 
T,,(O) = -P P> 0 (12) 
where P is the pressure on the free surface of the granular 
mass. 
The exact solution to the above system (1 I)-( 12) can 
be shown (see Appendix 1) to be : 
+Pexp(-/l?(r)dr) (13) 
0 
where : 
B(T) = 
11(T) L(T) K(T) 
A(T) 
(14) 
Note that when the quantities p, L, K, A, and p are all con- 
stants, the solution (13) simplifies to that obtained by 
Cowin.’ Of particular importance in this case is the situa- 
tion when only the density p(z) varies with depth and 
quantities ~1, L, K, A or, equivalently, B remain constant with 
respect to z. Thus, inequality (13) reduces to : 
P(z) g-4 
-rz,(z) 2 - + 
I.ILK 
p-%!2$) exp (-$e) 
-$j(d$))exp(-F(z-t))d[ 
0 
(15) 
which indicates how the bulk density variation with depth 
affects the lower bound values of the overburden pressure 
-i;,,(z). We shall discuss the importance of this case later. 
However, the dependence of stresses in granular media on 
the gradients of bulk density p(z) is a basic theme in con- 
tinuum theories of granular media.‘-” 
Similarly, the upper bound solution for -T,, also 
supports the dependence of granular stresses on the bulk 
den_sity gradients. We note that an upper bound solution for 
-T,,(z) can also be obtained by solving the following 
system: 
dT,z - + ygv(z) 2 0 
dz 
F&O) = -P (16) 
Thus, it may be easily shown that the solution to the 
system ( 16) is : 
-T,,(Z)~P(Z)@ -g (17) 
0 
Therefore the upper bounds on --FZZ also depend on the 
variation of the bulk density with depth and this dependence 
has now been established in this paper with no additional 
kinematical assumptions and in a rather natural manner by 
the above inequalities (15) and (17). Thus, the present 
analysis supports the continuum theories of granular 
materials that take account of such bulk density gradients 
for the description of stresses in such materials. 
The inequalities (13) and (17) serve as exact bounds on 
the overburden pressure in bins. These inequalities are 
general enough to account for arbitrary variations of /.L, K, 
p, L, and A with depth in bins. 
Some details and relation to other related work 
In this section we attempt to discuss some details relevant 
to the present work as well as the relationship of the results 
here to those of others.3-6,13-‘5 
Several important observations can be made on the 
results obtained, thus. First of all, the inequality (13) which 
serves as a lower bound on -T,,(z) still retains the essential 
feature of Janssen’s formula4 in that the lower bound on 
the overburden pressure -T,, asymptotically approaches a 
constant value at great depths. We shah first show this for 
the important case that is represented by inequality (15). 
Note that in this case we may show that: 
lim inf(-,Z(z))=y-g($K)‘(zr (18) 
Zj- Z 
where use has been made of a compound mean value 
theorem such that (dp/dz)* is a bulk density gradient 
satisfying the following inequalities: 
(19) 
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and yet more realistic lower bounds on the overburden 
stress -T,,(z). These are more realistic estimates on the bin 
pressure lower bounds because they take into account the 
bulk density variation with depth. In order to appreciate 
the significance of this result and show that the more 
realistic lower bounds could in fact be appreciably less than 
those predicted by Janssen’s formula, as claimed by Caughey 
et qZ.13 we present an order of magnitude analysis on the 
lower bound obtained in equation (18). We note that from 
(18): 
and the mean value theorem is applied to the integral 
expression in inequality (15), i.e. : 
Similar treatment can be extended tothe inequality (13) 
to show that the overburden pressure -Z’,,(z) approaches 
a constant value as z -+ 00. This involves repeated uses of 
compound mean value theorems and various bounds on 
1-1, K, L, and A and will be omitted here. Of significance is 
the fact that in expression (18) the lower bound obtained 
is smaller than that predicted by Janssen’s formula4 or 
Cowin’s results.3Y5 Figure 1 illustrates this difference in 
overburden pressure for a model bin. 
Possibility of smaller lower bounds on bin pressures 
Caughey et aZ.13 have reported that some of the experi- 
mental pressure distributions obtained by them were con- 
siderably below the value predicted by Janssen.4 Cowin,’ 
and Sundaran and Cowin have claimed that this is not 
possible and have rejected the idea as erroneous. The results 
obtained in the present paper show that this is indeed 
possible and the experimental results of Caughey et ~1.‘~ are 
indisputable in this sense. Recalling the inequality (1 S), one 
notes that just the mere fact that p(z) is variable with depth 
gives smaller lower bounds on the overbuden pressure. 
Basically, dp/dz is always positive due to compaction, 
under overburden pressure, with depth. This makes the 
integral expression in inequality (15) a negative quantity. 
Note that the sum of the first two terms on the right hand 
side of inequality (15) is the lower bound predicted by 
Janssen’s formula and thus the lower bound predicted by 
either inequality (13) or the inequality (15) gives smaller 
PO - Tzz 
r-T---+ l--l f PO I 
PO - Tzz 
Present I 
result 
‘Classical 
result 
Figure 7 Variation of average granular overburden bin pressure 
-T,, with depth for a general bin model ILK = 0.15; A/L = D/4; 
L’>ZD 
- 
L* 
gAiYm) 
lim inf (-?;,,(z)) = ___ 
A 1 (@lb)* =A 
~ 
Z+- z ClLK P-LK P(-) 1 
(21) 
Note that the magnitude of the quantity: 
A WW* ~___ 
tiK PC-1 1 
compared to 1 will determine the relative deviation from 
Janssen’s formula. We note that on the average pK = 0.15 
(from Cowin3,5,6). Further, since A/L = D/4 and for most 
applications in actual granular bin situations the actual 
depth of granular materials L* > 20 (from references 
3, 5,6), thus: 
A (dPldZ)* 
- 
/JLK P(~) 
]> 0.8333 [L*(d$Z)*] (22) 
We note that approximately : 
L*(dp/dZ)* Ap 
=- 
P(-) P(O”) 
(33) 
where Ap can be considered as the difference in densities 
at the top and the bottom of the granular mass in a bin. 
According to the data presented by Clower et ~1.‘~ and 
Loewer Jr, et ~1.” the ratio Ap/p(-) for ground shelled 
corn is of the order of l/8 such that inequality (22) 
becomes :
A (dp/dZ)* I 2 0.1 MK I?CDD) (24) 
Thus, as much as 10% or more smaller pressures than the 
one predicted by Janssen’s formula has been realized for 
the above illustration. 
Conclusions and recommendations 
It has been concluded in this paper that an exact theory 
for static bin pressures can be formulated. The correspond- 
ing exact solutions for the differential inequalities, governing 
the bounds on static bin pressures, can then be explicitly 
obtained. These solutions take into account the general 
variation with depth of friction p, pressure ratio K, bin 
cross-sectional area A, bin perimeter L, and the granular 
bulk density p. The dependence of granular static pressures 
on the gradients of the bulk density has been established 
and discussed. It has been shown that such dependences are 
responsible for obtaining smaller lower bounds on static bin 
pressures than those predicted by Janssen’s formula. 
We recommend that in the light of the results obtained 
here appropriate modifications on the values of friction 
factor p, and the pressure ratio K as reported elsewhere3P596 
be recommended. 
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Appendix 
We show here that the solution to differential inequality 
(11) subject to condition (12) is given by inequality (13). 
Let us set: 
z Z 
p(t) exp - 
0 E 
z 
+Pexp(-[B(r)dr) (23) 
0 
such that from equation (12) : 
F(O)= 0 (24) 
Substituting for T,,(z) in the differential inequality (11) 
from equation (23) we obtain, using Leibnitz’s rule,* that: 
cwz) - +B(z)F(z)<O 
dz 
(25) 
Multiplying both sides of the above inequality by 
exp(jx(~ld~) 
0 
we obtain: 
(26) 
From equation (24) and inequality (26) it follows that: 
Z 
F(z) exp 
(I 1 
B(T) dr < 0 (27) 
0 
and thus: 
F(z)< 0 (28) 
From equation (23) and inequality (28) the solution (13) 
immediately follows : 
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